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Shifted 
Abst ract - - In  a recent paper, Warga and Zhu studied optimal control problems defined by 
functional-integral equations with variable shifts in the controls and with the shifted controls nonad- 
ditively coupled. Properness (approximation f relaxed minimizers with original controls) of a certain 
relaxation procedure was established, leading to a "basic theory" for such problems. A fundamental 
aspect in this theory relies on the fact that the underlying time interval is assumed to be a compact 
metric space. The purpose of this note is to prove that, applying a transformation similar to that 
introduced by Warga for delay free problems, one can reformulate an infinite time problem with 
shifted and delayed controls as one defined on a compact interval, thus showing that the basic theory 
remains valid also for this case. 
Keywords - -Opt ima l  control problems, Radon measures, Shifted and delayed controls, Original 
and relaxed controls, Proper relaxation procedures. 
1. INTRODUCTION 
In [1], we introduced a certain relaxat ion procedure for opt imal  control problems involving con- 
stant  delays in the control functions. Its properness was establ ished in [2,3] not only for problems 
with constant delayed controls, but also for problems with original controls being #-measurable  
functions ~(t) = (u(t), U(Ol(t)),..., U(Ok(t))), u mapping T into ~, the shifts t~i mapping T into 5b, 
the sets ~,  T, and ~" being compact metric spaces with T C T, and ~" provided with a posit ive 
nonatomic Radon measure #. 
The results of [2,3] const i tute a "basic theory" for such problems in the sense that ,  based on that  
re laxat ion procedure, they establ ish theorems about the existence of relaxed minimizers, about  
their  approx imat ion with original controls, and provide a set of necessary condit ions for opt imal-  
i ty including a general izat ion of Pontryagin 's  max imum principle for both opt imal  original and re- 
laxed 
controls. 
A basic theory in the above sense is included in the classical i terature for delay free opt imal  
control problems with infinite t ime-horizon. In [4], Warga introduces a certain transformat ion,  
appl icable to such problems, and reformulates them as equivalent finite t ime problems. Our  aim 
in this note is to show that  a similar t ransformation can be appl ied to problems with shifted 
and delayed controls, obtain ing in this way an equivalent problem for which the underly ing t ime 
interval is compact.  
Typeset by .AA/~-TEX 
33 
34 J.F. ROSENBLUETH 
2. STATEMENT OF  THE PROBLEM 
The optimal control problem treated in [2,3] is formulated as that of minimizing go(x(t l))  
subject o 
f 
x(t) = / F(t,  
T 
gl(X(t~)) = 0, 
g2(x) • c. 
s, ( (x)(s) ,  u(s), u(Ol(s) ),. . ., u(Ok(s) )#(ds) (t • T), 
This problem is defined by compact sets W c R nl and V C Rn2; compact metric spaces f/, T, 
and T with T c 2b and 2b provided with a positive nonatomic Radon measure ~; a point tl in T; 
a real topological vector space Z with a convex subset C; and functions 
{:C(T ,W) - -~L~(T ,V) ,  (go ,g l ) :W- -*RxN m, g2 :C(T ,  Rn ' ) - - *Z ,  
F : T x T x V x f~k+I --* R'~I, Oi : T ~ T (i = l , . . . , k ) .  
The #-measurable functions u : T ~ f/ can be chosen arbitrarily on T, while their values on 
2b - T are given and fixed. The functions 0i are such that O:(I(E) is #-measurable for every 
p-measurable s t E c 2b so that u o 0i are p-measurable. 
The "basic theory" developed in [2,3] for this problem relies strongly on the assumption that T 
is compact. In this note, we shall treat a special case of the above problem but letting the set T 
to be an infinite interval in R. We have chosen a particular case for simplicity of exposition, but 
no further difficulties arise in extending the results to follow for the general case. 
Let T := [0, c~), and suppose that we are given a point x0 • R n, a compact set fl C R m, 
and functions g : R n --+ R, f : T x R n x ft k+l --+ R n, and 0i : T --+ R with O:(I(E) measurable 
for every measurable set E C IR (i = 1 , . . . ,  k). The last k functions represent the shifts and, in 
particular, in the event that Oi(t) = t - di with di • IR, they correspond to a delay (di positive) 
or an advance (d/ negative). 
We assume that each 0i (i = 1 , . . . ,  k) is increasing (this includes the case of advanced and 
delayed controls). Let 0 := rain{0, 01(0), . . . ,  0k(0)}, 2b := [0, oo), and consider the optimal control 
problem, which we label (P), of minimizing g(x(oo)) such that 
x(t) = xo -k f ( s ,x (s ) ,u (s ) ,u (O l (S ) ) , . . . ,u (Ok(s ) ) )ds  (t • T),  
x(oo) : = lim x(t) exists, (1) 
t --*OO 
u •/1(~; a) 
where, for any S C N and R C N m,/1(S, R) denotes the set of measurable functions mapping S 
to R. 
We make the standard assumption (see [4]) that there exists A : T -~ N integrable (i.e., 
)q[0,t] is integrable for all t • T, and foA(s )  := limt__+oo]oA(S ) < c~) such that, for all 
(x ,u)  • C(T,R ~) x/1(2b; fl) satisfying (1), and (t ,r)  • T x t2 k+l, 
If(t, x(t), r)l ~ A(t). 
We also assume, without loss of generality, that A(t) > 0 (t E T) for, otherwise, we replace A(t) 
by A(t) + e-*. 
Let /1(01 . . . . .  Ok) denote the set of functions (u0 . . . . .  Uk) in /1(T,f~ k+l) such that, for some 
w • u(~;  fl), 
uo(t) -= w(t) and ui(t) = w(Oi(t)) (t E T, i = 1 , . . . , k ) .  
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Note that (P) is equivalent o the problem of minimizing g(x(c~)) such that 
~0 t x(t) = Xo + f(s, x(s), u(s)) ds 
x(oo) :=  lim x(t) exists, 
t --*(:x:~ 
?/, E U(O l , . . . ,Ok) .  
(t E T), 
(2) 
it follows that 
Since 
t i f t  E [8,0), 
¢ ( t ) :=  foA(s) ds i f tET ,  
and set c~ := fo  A(t) dt. Observe that ¢ increases from 8 to a as t increases from 8 to c~, and ¢ 
has an inverse ~ : -  ¢-1 mapping [8, a) to ~b. Define ] :  [0, c~) x IR n × ~k+l __~ Rn by 
](t ,x,r)  := [,~(~(t))]-lf(~(t),x,r) ((t,x,r) E [0, a) × R '~ × ~tk+l), 
hi:  [0, a) -* [8, a) by 
hi(t) := ¢(8i(~(t))) (t E [0, a)), 
and le t /g (h l , . . . ,  hk) denote the set of functions (rio,-.. ,ilk) in ///([0, a] ,~ k+l) such that, for 
some ~ E/g([8, a]; ~), 
rio(t) = ~(t) and fii(t) = ~(hi(t)) (t E [0, a], i = 1, . . . ,k) .  
THEOREM. (P) is equivalent o the problem of minimizing (:~(a)) such that 
Ions = z0 + (s, ds (t e [0, 
u E/g(h l , . . . ,  hk). 
(3) 
PROOF. Let (x, u) = (x, uo, . . . ,  Uk) E C(T, R n) ×/d(81,. . . ,  0k) satisfy (2) and, for all t E [0, a), 
let ~(t) := x(~(t)), fii(t) := ui(~(t)), and fi := (ri0,...,fik). For all t E [0, a), the functions 
[ [0, t] and & [ [0, t] are absolutely continuous, fi [ [0, t] is measurable, and 
¢(s) = [A(~(s))] -1 for a.a. s E [0, t]. 
~0 t x(t) = xo + f(s, x(s), u(s)) ds (t E T), 
~0 t ~?(t) = x0 + [,~(~(s))]-lf(~(s), it(s), fz(s)) ds 
fo'f = xo + (s,~(s),ft(s))ds (t e [0, a)). 
Moreover, this equation remains valid for all t E [0, a] since 
~(a) := lim ~(t) : lim z(t) = x(ov), 
t---~ O~ t---*O0 
3. AN EQUIVALENT F IN ITE  T IME PROBLEM 
In this section, we transform problem (P) into an equivalent problem defined on a compact 
interval. To begin with, let 
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and, for all s • [0, a),  
lY@Cs), ~(s) ,  riCs))l = IS@(s) ,  z(~(s)), =(~(s) ) ) l  _< ~@(s) ) .  
Finally, if w E/g(T; f~) is such that 
uo(t) = w(t) and ui(t) = w(Oi(t)) (t E T, i = 1 , . . . ,  k), 
let @ := wo~o. Then, for t E [0,a), ~o(t) e T, and so 
rio(t) = uo(~(t)) = ~o(~(t)) = ~(t ) ,  
and 
rii(t) = ui@(t) ) = w(0i(~o(t))) = w@( h~( t) ) ) = @( h~(t) 
Conversely, if (~, ri) = (~, r io,. . - ,  rik) 
/4({6,a]; f/) is such that 
rio(t) = @(t) and 
(i = i , . . . , k ) .  
• C([0, o~],R n) x/4([O,a],f~ k+i) satisfies (3), and ~ • 
rii(t) = @(h~(t)) (t • [0,a], i = 1 . . . .  , k), 
let w := @ o ¢, x(t) := ~(¢(t)) and ui(t) := rii(O(t)) for t • T, and u := (u0, . . . ,  uk). Since 
we have 
and 
f0 t ~(t) = xo + ]( s, ~(s), ri(s)) ds 
I' z(t) = zo + I (s ,z(s) ,~(s))ds 
exists. Finally, t • T =~ Ib(t) • [0, a), and so 
and 
uo(t) = rio(¢(t)) = ~(¢( t ) )  = w(t) ,  
(t • [0, ~)) ,  
(t • T), 
1. J.F. Rosenblueth and R.B. Vinter, Relaxation procedures for time delay systems, J. Math. Anal. Appl. 162, 
542-563 (1991). 
2. J. Warga and Q.J. Zhu, A proper relaxation of shifted and delayed controls, J. Math. Anal. Appl. 169, 
546-561 (1992). 
3. J. Warga, A proper elaxation of controls with variable shifts (preprint). 
4. J. Warga, Optimal Control of Differential and Functional Equations, Academic Press, New York, (1972). 
REFERENCES 
ui(t) = ri~(O(t)) --- ~(hi(¢(t)))  = ~(¢(0i(t))) = w(Oi(t)) (i = 1 , . . . , k ) .  
